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What is a solution to a BSDE ?

For BSDE(ξ, g) : a pair (Y ,Z) of predictable processes such that a.s
t 7→ Yt is continuous , t 7→ Zt belongs to L2(0,T ) ,
t 7→ g(t,Yt ,Zt) belongs to L1(0,T ) and

Yt = ξ +

∫ T

t
g(s,Ys ,Zs) ds −

∫ T

t
ZsdWs

where {Wt := (W 1
t , ...,W d

t )∗, 0 ≤ t ≤ T} is a d-dimensional standard
Brownian motion defined on some probability space (Ω,F ,P)
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Notations and requirements

n denotes the dimension for Y

� {Ft , 0 ≤ t ≤ T} : augmented natural filtration of the Brownian motion W
�S∞(Rn) : set of Rn-valued Ft -adapted essentially bounded continuous
processes. Banach space when provided with the essential sup norm ||.||∞
�M 2(Rn×d ) : set of predictable Rn×d -valued processes {Zt}t∈[0,T ] such that

||Z ||M2 := E
[∫ T

0 |Zs |2 ds
]1/2

<∞

• Comparison theorem and Kobylanski’s monotone convergence theorem

� E (M) : the stochastic exponential of a one-dimensional local martingale M
�β ·M : the stochastic integral of an adapted process β with respect to a local
continuous martingale M
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• Girsanov’s theorem and BMO martingales

Definition : M = (Mt ,Ft) uniformly integrable martingale with M0 = 0 is
BMO2 if there exists c > 0 so that E [< M >∞τ |Fτ ] ≤ c for all bounded s.t τ .
||M||2BMO2 := the smallest such constant.

Lemma (Kazamaki) :
For K > 0, there are constants c1(K) > 0 and c2(K) > 0 such that
for any one-dimensional BMO2 martingale N such that ||N||BMO2(P) ≤ K
and any BMO2 martingale M,

c1||M||BMO2(P) ≤ ||M̃||BMO2(P̃) ≤ c2||M||BMO2(P)

where M̃ := M − 〈M,N〉 and dP̃ := E (N)∞0 dP.
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• Existence and uniqueness of solution to BSDE with quadratic generator

Theorem (Briand, Hu - 2006) :

If |g(t, y , z)| ≤ αt + β|y |+ γ
2 |z|

2 with (αt)t∈[0,T ] progressively measurable
and ∃λ > γeβT s.t E[exp(λ|ξ|+ λ

∫ T
0 αt dt)] <∞ then their exists a solution

with Z ∈M 2 and − 1
γ

lnE[φt(−ξ)|Ft ] ≤ Yt ≤ 1
γ

lnE[φt(ξ)|Ft ]

where φ.(z) solves
{

dφt = −H(t, φt)dt with H(t, p) := αtγ1p∈]−∞,1[

φT = eγz + p(αtγ + βln(p)) 1p≥1

Theorem (Delbaen, Hu, Richou - 2011) :
Suppose g convex with respect to z,K−Lip with respect to y and

g(t, y , z) ≤ ᾱt + β̄|y |+ γ̄
2 |z|

2.
1) Suppose g(t, y , z) ≥ −αt − r(|y |+ |z|). If exponential moment of order ε
for ξ− +

∫ T
0 αt dt then a solution and a cste C s.t E[e ε

C e−CT (Y−)∗ ] <∞
If exponential moment of order peβ̄T , p > γ̄ for ξ+ +

∫ T
0 ᾱt dt then a solution

s.t E[epA∗ ] <∞ with At := Y +
t +

∫ T
0 ᾱt dt

2) If there exists a solution verifying ∃p > γ̄, ∃ε > 0 s.t E[epA∗ + eε(Y−)∗ ] <∞
then it is unique (among such solutions).
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Motivation

Zero-sum stochastic differential games (Hamadene, Lepeltier - 1995) :

Equation


dYt = g(Zt)dt − Zt .dWt

YT = ξ

g(z) = g1(z)− g2(z) = sup
q1∈U

inf
q2∈V
{z.(q1 − q2)− (f1(q1)− f2(q2))}

written as


−dYt = g̃(Z̃t)dt − Z̃t .dWt

YT = ξ

g̃(z) = inf
q1∈U

sup
q2∈V
{z.(q1 − q2) + (f1(q1)− f2(q2))}

admits a unique solution : the payoff with optimal strategies

Yt = Jt(ũ∗, ṽ∗) = inf
u∈U

sup
v∈V

Jt(u, v) where

Jt(u, v) = Eu,v
[
ξ +
∫ T

t (f1(us)− f2(vs))ds|Ft

]
, dPu,v

dP = E
(∫

(u − v).dW
)
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The Legendre-Fenchel transformation

Proposition :

The Legendre-Fenchel transformation of g defined on [0,T ]× R× Rd by

f (t, y , q) := sup{z.q − g(t, y , z) | z ∈ Rd}

is convex /q, K−Lip /y (when finite) and f (t, y , q) ≥ −ᾱt − β̄|y |+ 1
2γ̄ |q|

2.

Geometrical interpretation :
Sub-differential of g(t, y , .) at point z0 (denoted ∂g(t, y , .)(z0))
:= set of the slopes of all affine functions ≤ g(t, y , .) but equal in z0.

( q.z − c ≤ g(t, y , z) ∀z )⇔ ( c ≥ q.z − g(t, y , z) ∀z )⇔ c ≥ f (t, y , q)

If sup reached in z0, then q ∈ ∂g(t, y , .)(z0).
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The result

dYt = [g1(Yt ,Zt)− g2(Yt ,Zt)] dt − Zt .dWt , YT = ξ

Assumptions : gi convex /z, K−Lip /y , 0 ≤ gi (y , z) ≤ C + β|y |+ 1
2 |z|

2

exponential moment of order > e(β+K)T for |ξ|
Then their exists (Y ,Z) solution with Z ∈M 2

Theorem : H.
If g2 L−Lip /z, f2(0, .) bounded on its effective domain and ∃p > 1 and ε > 0
s.t E[ep(Y−)∗ + eε(Y +)∗ ] <∞ then uniqueness and characterization :

Yt = sup
q∈E [0,T ]

Y q
t

{
E := {q ∈ Rd | |q| ≤ L, f2(0, q) <∞}

dY q
t = [g1(Y q

t ,Z q
t )− Z q

t .qt + f2(Y q
t , qt)] dt − Z q

t .dWt

the supremum is reached in any element of the sub-differential of g2(Y , .) at Z .
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Framework

{
X t,x

s = x ∀s ≤ t
(X t,x

s )s≥t unique solution of SDE

X t,x
s = x +

∫ s

t
b(u,X t,x

u )du +

∫ s

t
σ(u)dWu ∀s ≥ t

where b : [0,T ]× Rd → Rd and σ : [0,T ]→ Rd×d continuous,
|b(., 0)| ≤ K and b K -Lipschitz w.r.t space variable.

Y t,x
s = ϕ(X t,x

T ) +

∫ T

s
g(Y t,x

u ,Z t,x
u )du −

∫ T

s
Z t,x

u dWu ∀s ∈ [0,T ] (∗1)

Assumptions :
ϕ is bounded
g i (y , z) = f i (z i ) + hi (y , z)

|f i (z i )| ≤ C + γ
2 |z

i |2, |f i (z i )− f i (z̃ i )| ≤ C(1 + |z i |+ |z̃ i |)|z i − z̃ i |
|h(y , z)| ≤ C(1 + |y |) , |h(y , z)− h(ỹ , z̃)| ≤ C(|y − ỹ |+ |z − z̃|)
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Local → Global solution

Proposition (Hu,Tang - 2016) :
There exists ε > 0 and a bounded set Bε of the product space S∞ × BMO2
restricted on the time interval [T − ε,T ] such that BSDE (∗1) has a unique
local solution (Y t,x ,Z t,x ) in the time interval [T − ε,T ] with (Y ,Z) ∈ Bε.

Π : (U,V ·W ) ∈ S∞ × BMO2 7−→ (Y ,Z ·W ) ∈ S∞ × BMO2 with
coordinates solution to the n equations

Y i
s = ϕi (X t,x

T ) +

∫ T

s
[f i (Z i

u) + hi (Uu,Vu)] du −
∫ T

s
Z i

udWu ∀s ∈ [0,T ]

∀ε ≤ (3nC)−1,Aε := 2n
γ2 eγ||ϕ(X t,x

T )||∞+2Cnε(1+ 1
γ

)(1+ 1
γ2 )e6γCT e3nγ||ϕ(X t,x

T )||∞

Bε :=
{

(U,V )
∣∣∣ e2γ||U||∞,ε ≤ e6γCT e3nγ||ϕ(X t,x

T )||∞ , ||V ·W ||2BMO2,ε ≤ Aε
}
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K 2 := 3C2T + 6C2A(3nC)−1 , (Y ,Z) := Π(U,V ) and (Ỹ , Z̃) := Π(Ũ, Ṽ )

||Y − Ỹ ||2∞,ε + c1(K)2||(Z − Z̃) ·W ||2BMO2,ε

≤ 4nC2ε2||U − Ũ||2∞,ε + 4nC2εc2(K)2||(V − Ṽ ) ·W ||2BMO2,ε

K̄ ← replace ||ϕ(X t,x
T )||∞ by

√
λ with λ ≥ ||ϕ(X t,x

T )||2∞ s.t ||Y t,x ||2∞,ε ≤ λ

ηλ s.t 4nC2ηλmax{ηλ,
[

c2(K̄)

c1(K̄)

]2
} < 1 permits to iterate

Theorem (Hu,Tang - 2016) :

BSDE (∗1) has a unique global solution (Y t,x ,Z t,x ) on [0,T ] such that Y t,x is
bounded. Furthermore, Z ·W is a BMO2 martingale.
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Stability results

u : (t, x) ∈ [0,T ]× Rd 7→ Y t,x
t

Proposition : H.
Suppose ϕ uniformly continuous, then ∀ t ∈ [0,T ], u(t, .) uniformly continuous.

Theorem : H.
Suppose that b and ϕ differentiable with respect to the space variable with
bounded and uniformly continuous differentials.
Suppose also to have good properties for the partial differentials of hi and ∇f i ,
then u is of class C1 with respect to the space variable.
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