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Sublinear expectation

Let Ω be a given set and H be a vector lattice on Ω. A sublinear
expectation is a functional eE : H ! R satisfying the following
properties:

Monotonicity: if X ,Y 2 H with X � Y then eE [X ] � eE [Y ] .
Constant Preservation: eE [c ] = c .
Sub-additivity:eE [X + Y ] � eE [X ] + eE [Y ] , 8X ,Y 2 H.

Positive homogeneity: eE [λX ] = λeE [X ] , 8λ � 0, X 2 H.
X = (X1, . . .,Xd ) is G -normally distributed if 8a, b � 0, we have:

aX + bX
d
=
p
a2 + b2X ,

where X̄ in an independent copy of X and G denotes the function

G (A) :=
1
2

E [(AX ,X )] : Sd ! R.
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G-expectation

Let ΩT = C0
�
[0,T ] ,Rd

�
, Bt (ω) = ωt and

H0
T :=

n
ϕ (Bt1 , . . . ,Btn ) : n � 1; ϕ 2 Cb,Lip

�
Rd�n

�o
.

G -expectation is a sublinear expectation de�ned bybE [X ] = eE �ϕ �pt1 � t0ξ1, � � � ,ptm � tm�1ξm�� ,
for X = ϕ (Bt1 � Bt0 ,Bt2 � Bt1 , � � � ,Btm � Btm�1), where ξ1, � � � , ξn
are identically distributed G -normal distribution in a sublinear
expectation space

�eΩ, eH, eE�.

The conditional G -expectation bEt of X knowing H0
t , is de�ned bybEti [X ] = ϕ̃ (Bt1 � Bt0 ,Bt2 � Bt1 , � � � ,Bti � Bti�1) ,

where

ϕ̃ (x1, � � � , xi ) = bE [ϕ (x1, � � � , xi ,Bti+1 � Bti , � � � ,Btm � Btm�1)] .
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G-capacity

[Denis, Hu, Peng] There exists a tight family P of probability
measures on (ΩT ,B(ΩT )) , such thatbE [ξ] = sup

P2P
EP [ξ] for any ξ 2 Lip (ΩT ) .

The Choquet capacity is de�ned by:

ĉ(A) := sup
P2P

P(A), A 2 B(ΩT ).

A set A � B (ΩT ) is called polar if ĉ(A) = 0.
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Set of processes

Mb,0(0,T ) =

(
η : ηt (ω) =

N�1
∑
j=0

ξ j (ω)1[tj ,tj+1)(t), 8N 2 N,

0 = t0 < � � � < tN = T , ξ j 2 Bb(Ωtj )
	
.

For p � 1, Mp
� (0,T ) denote the completion of Mb,0(0,T ) under

kηkM p
� (0,T )

=

�bE �Z T

0
jηt j

p dt
��1/p

.

For η 2 Mb,0(0,T ), the stochastic integral with respect to B is
de�ned by

I (η) =
Z T

0
ηtdB

a
t :=

N�1
∑
j=0

ξ j (ω)(B
a
tj+1 � B

a
tj ).
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The Domain D

For a domain D � Rd , r > 0 and x 2 ∂D, denote by

Nx ,r =
n
n 2Rd , jnj = 1 and B(x � rn, r) \D = ∅

o
Nx = [r>0Nx ,r .

[Lions, Sznitman 1984] Conditions for the domain D:

CONDITION (A). uniform exterior sphere condition

9r0 > 0 such that Nx = Nx ,r0 6= ∅, 8x 2 ∂D.

CONDITION (B). 9δ > 0 and β 2 [1,∞) such that 8x 2 ∂D there
exists a unit vector lx such that

hlx ,ni �
1
β

for any n 2
[

y2B (x ,δ)\∂D

Ny .
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The Domain D

Under the conditions (A) and (B), we have:

n 2 Nx , hy � x ,ni+ 1
2r0

jy � x j2 � 0, 8y 2 D.

8x 2 Rd with dist(x ,D) < r0 there exist a unique x 2 D such that
jx � x j = dist(x ,D).
([Lions, Sznitman 1984] et [Saisho, Tanaka 1987]) 9U with the
following properties:

U 2 C1(Rd ), U � 0,
U(x) = jx � x j2 = d2D (x) if dist(x ,D) � r0/2,
rU is bounded and Lipschitz continous.
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Skorohod problem

For w 2 C
�
[0,T ] ,Rd

�
, w(0) = 0 and x0 2 D, we consider the following

Skorohod�s equation:

ξ(t) = x0 + w(t) + φ(t), t 2 [0,T ] . (1)

A solution of the Skorokhod problem (1), is a couple (ξ, φ) satisfying:

ξ is continuous with values in D̄,
φ is continuous, with �nite variation on [0,T ], φ(0) = 0 and
8t 2 [0,T ]

φ(t) =
Z t
0
n(s)d jφjs , and jφjt =

Z t
0
1∂D (ξ(s))d jφjs ,

where n(s) 2 Nξ(s) if ξ(s) 2 ∂D.

[Lions et Sznitman 1984] under the conditions (A) and (B), if w is is
continuous, there exists a unique solution (ξ, φ) for the Skorokhod
problem.
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Re�ected G-Brownian motion

Consider :
Xt = x0 + Bt +Kt , 0 � t � T . (2)

We call (X ,K ) a solution of G -Skorohod problem (2) if there exists a
polar set A such that:

X , K 2 M2
�
�
[0,T ] ,Rd

�
q.s. continuous

Xt = x0 + Bt +Kt , 0 � t � T ;

8ω 2 Ac , Xt (ω) 2 D, jK� (ω)jT0 < ∞ and K0 (ω) = 0;

8ω 2 Ac ,

jK jt (ω) =
Z t

0
1fXs (ω)2∂Dgd jK js (ω) ,

Kt (ω) =
Z t

0
n (Xs (ω)) d jK js (ω) , 8t 2 [0,T ] .
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Penalization

[Saisho, Tanaka 1987] For any m � 1, consider the equation

Xmt = x0 + Bt �
m
2

Z t

0
rU(Xms )ds, 0 � t � T q.s., (3)

Kmt = �
m
2

Z t

0
rU(Xms )ds.

The G -SDE (3) (cf [Lin 2013]) has a unique solution
Xm 2 Mp

�
�
[0,T ] ,Rd

�
and Km 2 Mp

�
�
[0,T ] ,Rd

�
, p � 1.

[Saisho, Tanaka 1987]) Under the conditions (A) and (B), there exists
a polar set A such that 8ω 2 Ac , then (Xm� (ω) ,Km� (ω))m�1
converges uniformly to the solution of Skorohod problem

Xt (ω) = x0 + Bt (ω) +Kt (ω) .
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Penalization

For ω 2 Ac and α 2 ]0, 1/2[ , the modulus of uniform continuity of
ω� is de�ned for h 2 [0,T ] by

∆α
0,T ,h(ω) := sup

0�s<t�T
jt�s j�h

jωt �ωs j � hα sup
0�s<t�T
jt�s j�h

jωt �ωs j
jt � s jα

� hα kωkα ,

where

kωkα = sup
0�s<t�T

jωt �ωs j
jt � s jα

.

For m 2 N�, set:

εα
m (ω) =

12eL

mα
kωkα ,

where 2L is the Lipschitz constant of rU.
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Estimates of K

Let 0 < εα
m (ω) < min(δ/2, r0/2) := τ, and set :

Tm,0 = infft � 0 : Xmt (ω) 2 ∂Dg,
tm,n = inf

n
t > Tm,n�1 :

���Xmt (ω)� XmTm,n�1 (ω)��� � δ/2
o
, (4)

Tm,n = infft � tm,n : Xmt (ω) 2 ∂Dg.

Lemma

If Tm,n�1 � s < t � Tm,n, then

∆s ,t (Xm� (ω)) � 9β (∆s ,t (B� (ω)) + εα
m (ω)) expfγ(kB� (ω)kT + δ)g,

(5)

where γ =
2κ2β

r0
, kB� (ω)kT = sup fjBt (ω)j : 0 � t � Tg and

∆s ,t (X� (ω)) = supfjXt2 (ω)� Xt1 (ω)j : s � t1 < t2 � tg.
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Estimates of K

Proposition
If D satis�es (A) and (B), then for all ω 2 Am , we have

jKm� jT (ω) � C kB. (ω)k
1+1/α
α exp

�
γ

�
1+

1
α

�
kB. (ω)kT

�
, (6)

where C := (r0, β, δ,T , L).
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Estimates of K

Since εα
m (ω) < r0/2, we have

rU (Xmt (ω)) = 2
�
Xmt (ω)� Xmt (ω)

�
, 0 � t � T .

From condition (B), we gets for Tm,n�1 � s < t � Tm,n

jKm� jst (ω) � β f∆s ,t (Xm� (ω)) + ∆s ,t (B� (ω))g .

And (5) implies

jKm� jst (ω) � 10β2λf∆s ,t (B� (ω)) + εα
m (ω)g, (7)

where λ = exp fγ (kB. (ω)kT + δ)g .
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Estimates of K

(4) and (5) imply

∆m :=
δ� 4εα

m (ω)

20β2λ
� εα

m (ω) � ∆Tm,n�1,tm,n (B. (ω)),

since limn!∞ ∆m = δ
20β2λ

> 0, 9m0 � 1 such that 8m � m0,

δ

25β2λ
� ∆Tm,n�1,tm,n (B. (ω)).

For h =
�

δ
25β2λkB.(ω)kα

�1/α
> 0, 8m � m0, n >

T
h
) Tm,n > T .

(7)) jKm jT (ω) � 10(
T
h
+ 1)β2λf∆0,T (B. (ω)) + εα

m (ω)g.
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Convergence

Lemma
There exist two positive constants C and λ, such that:

ĉ (Acm) � Ce�λm , where Am = fω 2 ΩT ; εα
m (ω) � τg . (8)

8ν � 0, 9Cν dependent only on ν such that

E

�
exp

�
ν sup
0�t�T

jBt j
��

� Cν. (9)

Proposition

If the domain D satis�es conditions (A) and (B), then 8p > 2α2

(1+α)(1�2α)
:

E

�
sup

0�t�T
jXmt jp

�
+E [(jKm jT )

p ] � Cp where Cp := (T , p,CG , L, β, δ) > 0
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Convergence

8ω 2 Acm , jKm jT (ω) � m
2 TΛ. Letting µ = p

�
1+ 1

α

�
, we have

E [(jKm jT )
p ] � Cp

((
E

"�
sup

0�s<t�T

jBt � Bs j
jt � s jα

�µ/α
#)α

�
�

E

�
exp

�
4γβµ

1� α
sup

0�t�T
jBt j

���1�α

+mpe�λmα

)
.

On the other hand, from

Xmt = x0 + Bt +K
m
t ,

we get

sup
0�t�T

jXmt jp � Cp
�
jx0jp + sup

0�t�T
jBt jp + (jKm jT )

p
�
.
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Convergence

Theorem
Suppose that the domain D satis�es conditions (A) and (B). Then, there
exists a unique pair of processes (X ,K ) 2 (Mp

� ([0,T ]))
2
, satisfying q.s.:

Xt = x0 + Bt +Kt , 0 � t � T , q.s.
X takes values in D,

K0 = 0, K is bounded variation and

jK jt =
Z t

0
1∂D (Xs ) d jK js , Kt =

Z t

0
n (Xs ) d jK js .

S.H.Abdoulaye (IRMAR) Re�ected G -SDEs 30/06 19 / 27



Convergence

Since the sequence (Xm)m�1 converges q.s. to X , for p � 1 we have

E

�
sup

0�t�T
jXt jp

�
� E

�
lim inf
m!∞

�
sup

0�t�T
jXmt jp

��
� Cp .

For ε > 0, set

Bε =
[
k�1

[
n�mk

�
ω 2 Ω; sup

0�t�T
jXm (ω)� X (ω)j > 1

k

�
,

we get ĉ (Bε) � ε.
Let mε 2 N such that

8m � mε ) sup
0�t�T

jXm (ω)� X (ω)j 1B cε � ε,

then, 8m � mε we have

E

�
sup

0�t�T
jXmt � Xt jp

�
� εp + 2pε1/2Cp .
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Case of G-Itô processes

Consider the G -Itô processes

Mt =
Z t

0
αsds +

Z t

0
ηsd hBis +

Z t

0
βsdBs , 0 � t � T ,

where α, η, β 2 Mp
� ([0,T ]) , p > 2, such that there exists L > 0

sup
0�t�T

E [jαt jp ] + sup
0�t�T

E [jηt j
p ] + sup

0�t�T
E [jβt j

p ] � L.

Then, for 0 < s < t < T and p > 2, 9Cp := (p,CG , L) such that :

E [jMt �Ms jp ] � Cp jt � s j
p
2 .

There exists a polar set A such that 8ω 2 Ac , M� (ω) is α�Hölder
continuous, for any α 2

h
0, 12 �

1
p

h
.
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Case of G-Itô processés

By the same method as for the G�Brownian motion, we get

Corollary

Let x0 2 D. there exists a unique pair of process (X ,K ) 2 (Mp
� ([0,T ]))

2
,

satisfying q.s.

Xt = x0 +Mt +Kt , 0 � t � T , q.s.
X takes values in D,

K0 = 0, K is bounded variation and

Kt =
Z t

0
n (s) d jK js , jK jt =

Z t

0
1∂D (Xs ) d jK js .
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Existence and uniqueness of re�ected G-SDE

For x0 2 D, consider the following equation :

Xt = x0 +
Z t

0
g (s,Xs ) dBs +

Z t

0
f (s,Xs ) ds �Kt , 0 � t � T , (10)

where f : Ω� [0,T ]�Rd ! Rd and g : Ω� [0,T ]�Rd ! Rd�n

satisfy:

(H1) For any x 2 Rd the processes

fi (�, x) , gij (�, x) 2 M2
� ([0,T ]) , i = 1, . . . , d and j = 1, . . . , n;

(H2) fi , gij are uniformly bounded and 8t 2 [0,T ] , 8x , y 2 Rd ,

jgij (t, x)� gij (t, y)j+ jfi (t, x)� fi (t, y)j � L jx � y j .

S.H.Abdoulaye (IRMAR) Re�ected G -SDEs 30/06 23 / 27



Existence and uniqueness of re�ected G-SDE

(X ,K ) 2 M2
�
�
[0,T ] ;Rd

�
�M2

�
�
[0,T ] ;Rd

�
q.s. continuous on [0,T ] is

a solution of (10) if:

(X ,K ) satisfy (10);

There exists a polar set A such that 8ω 2 Ac , Xt (ω) 2 D,
jK�j0T (ω) < ∞ and K0 (ω) = 0;

8ω 2 Ac

jK (ω)jt =
Z t

0
1(Xs (ω)2∂D)d jK (ω)js ,

Kt (ω) =
Z t

0
ξsd jK (ω)js ,

with ξs 2 n (Xs ) .
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Existence and uniqueness of re�ected G-SDE

Condition (C): [Lions, Sznitman 1984] 9φ 2 C 2b
�
Rd
�
and γ > 0 such

that :

8x 2 ∂D, 8y 2 D, 8n 2Nx hy � x ,ni+
1
γ
hrφ (x) ,ni jy � x j2 � 0.

If (Y ,K ) is a solution of Skorokhod problem�
x0 +

Z �

0
g (s,Xs ) dBs +

Z �

0
f (s,Xs ) ds,D, n (�)

�
,

and yt 2 D, we have:

1
γ

Z t

0
jYs � ys j2 hrφ (Ys ) , dKs i �

Z t

0
hYs � ys , dKs i . (11)
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Existence and uniqueness of re�ected G-SDE

Proposition

Assume that D satis�es (A), (B) and (C) and for i = 1, 2, g i , f i verify
(H1) and(H2). For x0 2 D̄, let

�
X i ,K i

�
be the solution of

X it = x0 +
Z t

0
g i
�
s,X is

�
dBs +

Z t

0
f i
�
s,X is

�
ds �K it .

9C := (d ,T , L,M,CD ,CG ) > 0 such that :

E

�
sup

0�u�T

��X 1u � X 2u ��4�+E

�
sup

0�t�T

��K 1t �K 2t ��4�
� C

�
E

�
sup

0�u�T
jĝu j4

�
+E

�
sup

0�u�T

��f̂u ��4�� ,
where ĝs = g1

�
s,X 2s

�
� g2

�
s,X 2s

�
and f̂s = f 1

�
s,X 2s

�
� f 2

�
s,X 2s

�
.
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Existence and uniqueness of re�ected G-EDS

Theorem

Suppose the domain D satis�es the conditions (A), (B) and (C) and
functions gij , fi verify the hypothesis (H1) and (H2). Then for every
x0 2 D the equation (10) has a unique solution.

For i 2 f1, 2g , let X i 2 M2
�
�
[0,T ] ;D

�
and

Y it = x0 +
Z t

0
g
�
s,X is

�
dBs +

Z t

0
f
�
s,X is

�
ds �K it .

It is shown that:

E

�
sup

0�t�T

��Y 1t � Y 2t ��4� � CE

�
sup

0�t�T

��X 1t � X 2t ��4� .
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